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Introduction
One of the most beautiful and remarkable results in theoretical physics is that provided by Noether's theorem, which establishes a relationship between the symmetries of a given action and the conserved quantities for the dynamical system associated with this action principle [1] . However, the standard implementation of Noether's theorem to field theory leads, in the generic case, to a non-symmetric expression for the corresponding canonical energy-momentum tensor Θ µ ν
where φ denotes the collection of independent fields involved in the Lagrangian density L and so in the action, and where all possible internal indices have not been explicitly written. Next, Θ µ ν is "improved" by Belinfante's method to obtain the symmetric energy-momentum tensor T µν [2] 
with K µνγ = −K µγν and so
3 for a detailed description of Belinfante's method). A symmetric energy-momentum tensor, T µν , is needed, for instance, when such matter fields are coupled to gravity in the context of general relativity [4] . For Maxwell theory, taking L = −(1/16π)F µν F µν , Eq. (1) acquires the form 
which are neither symmetric nor gauge-invariant under their corresponding gauge transformations [3, 5, 6] . On the other hand, for the neutral Proca field, taking
Eq. (1) gives also the wrong expression [3]
As already mentioned, Eqs. (3), (4) , and (5) can be "fixed" by using Belinfante's ideas [2, 3] .
Let us call the combination of standard Noether's theorem and Belinfante's symmetrization techniques simply Noether-Belinfante's method. In spite of the success of Belifante's symmetrization techniques to fix the canonical energy-momentum tensor Θ µν obtained by the standard Noether's theorem, it must be emphasized that Belifante's procedure is an ad hoc one which also has the ambiguity associated with the freedom of adding divergence terms to Θ µν . In spite of these properties, Belinfante's method has become to be very popular. Moreover, its permanent implementation in gauge theories to "fix" the energy-momentum tensor Θ µν has created a paradigm consisting in the claim that Noether's theorem is not enough to determine the right form (via spacetime translations) for the energy-momentum tensor in gauge theories.
In this paper the issue of the incompleteness or correctness of Noether's theorem for gauge theories is analyzed, and our conclusion is that the paradigm is not correct. Our analysis includes Maxwell, Yang-Mills, and Proca fields, i.e., Abelian, non-Abelian, and massive gauge fields are analyzed. More precisely, using spacetime translations, it is shown that the systematic implementation of Noether's theorem to the source-free Maxwell and Yang-Mills theories leads to symmetric and gauge-invariant expressions for their corresponding energy-momentum tensors, while for the Proca field the procedure yields also the symmetric and right energymomentum tensor. In all three cases, the obtention of the right energy-momentum tensors is achieved by taking into account both the equations of motion and the Bianchi identities for the system under study. Therefore, the present results indicate that the action principle has all the information required to uniquely determine the right energy-momentum tensor and that there is no need to use Belifante's method because the expressions obtained in this paper, which are the right ones, follow only from a careful implementation of Noether's theorem. This is an unexpected result which goes against the already mentioned paradigm (for more details see Ref. 7) .
Before beginning, some comments about our notation. Let M be the Minkowski spacetime where the Maxwell, Yang-Mills, and Proca fields exist and let (x µ ) = (ct, x, y, z) be Minkowskian coordinates in it; Greek indices µ, ν . . . take the values 0, 1, 2, 3. The Minkowski metric is chosen to be di-
The detailed implementation of Noether's theorem is deliberate to stress our method.
Source-free Maxwell theory
The usual action principle for source-free Maxwell theory is
where
, is the potential 1-form and F µν = ∂ µ A ν − ∂ ν A µ is the Faraday tensor, and R is an arbitrary region of the four-dimensional Minkowski spacetime M.
The first order variation of action (6) under the transformation of the variablesδA µ :
with
and soδS = 0 yields the equations of motion
provided that the boundary term in Eq. (7) vanishes. The action (6) is fully invariant under the Poincaré group
The word "fully" means that the symmetry is exact, i.e., that the transformed action is equal to the original action without the presence of boundary terms. In order to apply Noether's theorem, the infinitesimal version of the Poincaré transformation is needed:
where ε µν = −ε νµ and ε µ are the infinitesimal arbitrary constant parameters associated with the infinitesimal transformations under consideration. In addition, one has the transformation law for the 4-potential A µ (x) and the 4-gradient ∂/∂x µ to first order in the parameters
therefore, to first order in the parameters
On the other hand, one has d
Note, however, that if one uses the explicit expression for δx µ , then ∂ µ δx µ = 0 because of the antisymmetry of ε µν . Nevertheless, ∂ µ δx µ = 0 will not be used at this stage but rather at the end of the computations. Thus, to first order
To continue, it will be convenient to take into account the variation of the action (6) with respect to the 4-potential A µ and given in Eq. (8) as well as the following definition:
It is obvious that B µνβ = 0 is equivalent to the Bianchi identities
Equations (9) and (16) constitute the full set of Maxwell equations. However, Eqs. (9) and (16) will not be used at this stage but rather at the end of the computations, i.e., we will be working "off-shell". Let F be the space formed by all configurations of the gauge potentials A = A µ (x)dx µ , i.e., a point in F is a gauge potential which does not necessarily satisfy Eqs. (9) and (16).
Going back to Eq. (14), the integrand in the last term on the right-hand side of Eq. (14) can be rewritten by using Eq. (8) as
Moreover, the last term on the right-hand side of Eq. (17) can be written by using the antisymmetry of F µν and Eq. (15) as
Therefore, inserting the results of Eqs. (17) and (18) back into Eq. (14)
is the Noether 4-current and
is the energy-momentum tensor for the electromagnetic field. Due to the fact that the action (6) is invariant under arbitrary transformations of the Poincaré group then it is, in particular, invariant under an infinitesimal transformation and so from Eq. (19)
for arbitrary spacetime regions R. Therefore, the integrand in the last equation must identically vanish:
Equation (23) is the cornerstone of the formalism of this paper. Note that Eq. (23) is not the so-called Noether's condition that is usually obtained in the standard implementation of Noether's theorem. Now, let F be the phase space formed by all those points of F which satisfy Eqs. (9) and (16). Therefore, for points of F, the right-hand side of Eq. (23) vanishes and the Noether 4-current J β is conserved,
Using the explicit form for δx α , the Noether 4-current acquires the form
the angular momentum tensor for the electromagnetic field [4] . Furthermore, from the continuity equation
and from the fact that ε γφ and ε γ are independent parameters it follows that each tensor is independently conserved
and
Moreover, the energy-momentum tensor T γβ is symmetric. This can be seen from its definition in Eq. (21) or from the conservation of the energy-momentum and angular momentum tensors, i.e., from Eqs. (28) and (29) 
which corresponds to set α = −1/16π and c = 1 into the action (6) . In an explicit form, the components of T µν read
Yang-Mills theory
The reader might wonder if the procedure applied to Abelian gauge fields holds also for non-Abelian gauge fields. The answer is in the affirmative. To see this, the Lagrangian action for the Yang-Mills fields is considered [8] :
with 
and soδS = 0 gives the equations of motion
if the boundary term in Eq. (36) vanishes. Again, the action (6) is fully invariant under the Poincaré group. In order to apply Noether's theorem, the infinitesimal version of the Poincaré transformation is needed and given by Eq. (11) together with the transformation for the Yang-Mills fields
Therefore, to first order in δx
and thus to first order
As in the Abelian case, the object
will be needed. The equation B a µνβ = 0 is equivalent to the Bianchi identities
Equations (36) and (41) are the full set of Yang-Mills equations. As in the Abelian case, we will be working 'off-shell', i.e., without using such equations at this stage but rather at the end of the computations.
We have in hand all the elements to continue. The integrand in the last term on the right-hand side of Eq. (39) can be rewritten using Eq. (35) as
Rewriting the last term on the right-hand side of Eq. (42), following the procedure used for the Abelian case,
Therefore, inserting the results of Eqs. (42) and (43) back into Eq. (39)
the Noether 4-current and
is the energy-momentum tensor for the Yang-Mills fields. Applying the same reasoning used in the Maxwell case, the relationship 
the angular momentum tensor for the Yang-Mills fields. Again, the same reasoning that follows Eq. (26) can be applied to conclude that M βγφ and T γβ are independently conserved and that T γβ is symmetric and gauge-invariant.
Source-free Proca theory
Now, the case of a non gauge-invariant theory will be discussed: the source-free Proca field [9] . It is interesting to know if the procedure of the present paper works also for this dynamical system. The action principle for the source-free neutral Proca field is
where A = A µ (x)dx µ is the potential 1-form and
its strength. The first order variation of the action (51) under the trans-
provided that the boundary term in Eq. (52) vanishes. From Eq. (53) it follows that
because of the antisymmetry of F µν . Eq. (55) will be used in the application of Noether's theorem.
Once again, applying an infinitesimal Poincaré transformation,
By using Eq. (53), the next to last term on the right-hand side of Eq. (56) acquires the form
The last term in Eq. (57) has been already rewritten and it is given in Eq. (18). Therefore, using Eq. (18), Eq. (57) becomes
In a similar way, the last line in Eq. (56) 
is the Noether 4-current and 
